Abstract. We characterize the sets of centrosymmetric permutations, namely, permutations σ ∈ S n such that σ(i)+σ(n+1−i) = n+1, that avoid any given family of patterns of length 3. We exhibit bijections between some sets of restricted centrosymmetric permutations and sets of classical combinatorial objects, such as Dyck prefixes and subsets of [n] containing no consecutive integers.
Introduction
A permutation σ ∈ S n avoids the pattern τ ∈ S k if σ does not contain a subsequence order-isomorphic to τ . Permutations with forbidden patterns have been intensively studied in recent years for their connection with many problems arising in both computer science and combinatorics, such as Schubert varieties, Kazdan-Lusztig polynomials, Chebyshev polynomials and various sorting algorithms (see [?] , [8] , [4] , [10] and references there in). Many classical sequences, such as Catalan numbers, Motzkin numbers, central binomial coefficients and Fibonacci numbers, arise when the cardinalities of sets of pattern avoiding permutations are computed. In the last few years, the study of forbidden patterns has been developed also for the hyperoctahedral group B n , the natural B-analogue of the symmetric group. In particular, the sets of signed permutations avoiding signed patterns of length 2 were completely characterized in [12] and [10] , and the cardinalities of these sets were computed. Moreover, in [14] J.R.Stembridge gave a characterization of an interesting algebraic property of some elements of the hyperoctahedral group -the top fully commutativity -in terms of signed pattern avoidance. More recently, the problem of determining equidistibuted (or Wilf equivalent) signed patterns has been deeply studied (see, e.g., [3] ). Signed permutations correspond bijectively to centrosymmetric permutations in S 2n , namely, permutations σ such that σ(i) + σ(2n + 1 − i) = 2n + 1 for every i = 1, . . . , 2n. An analogous definition of centrosymmetric permutation can be given also in the odd case. Centrosymmetric permutations appear in many different frameworks. For instance, it is well known (see [11] and [7] for more details) that a permutation is centrosymmetric if and only if both Young tableaux (P, Q) corresponding to σ via the Robinson-Schensted algorithm are fixed under the Schützenberger involution. Moreover, the permutation matrices corresponding to centrosymmetric permutations are the extreme points of a convex subset of n 2 -dimensional Euclidean space, which is characterized in [2] by a very simple set of linear inequalities.
In this paper we are concerned with the study of (unsigned) pattern avoidance on the set C n ∈ S n of centrosymmetric permutations. We remark that it is not always possible to translate signed pattern avoidance conditions in terms of unsigned centrosymmetric permutations, and viceversa, hence the signed and unsigned point of view are essentially different. For example, the set of centrosymmetric permutations in S 2k that avoid the pattern 123 corresponds bijectively to the set of signed permutations in B k that avoid a collection of six signed patterns, as shown in Section 6. Up to our knowledge, the only results concerning pattern avoidance on centrosymmetric permutations are contained in [5] , where the authors consider 2143-avoiding centrosymmetric involutions. We characterize and enumerate cetrosymmetric permutations in S n that avoid an arbitrary collection of patterns of length 3. First of all, we consider the set C n (τ ) of centrosymmetric permutations avoiding a single pattern τ .
We study only the cases τ = 123 and τ = 132, since every other pattern of length 3 is equidistributed in C n with one of this two patterns. We establish a bijection between the set C 2n (123) and the set of Dyck prefixes of length 2n, hence deduce that the cardinality of C 2n (123) is the central binomial coefficient 2n n . In the odd case, we show that the cardinality of C 2n+1 (123) equals the n-th Catalan number. It is well known that all patterns of length 3 are equidistributed on S n (see [13] ). This is not the case for centrosymmetric permutations. In fact, the cardinality of |C 2n (132)| is 2 n . Moreover, as shown in Section 4, the set C n (132) contains only involutions. Section 4 is devoted to the study of single pattern avoidance on centrosymmetric involutions. In this case, we show that all patterns of length 3 are equidistributed, when n is even. In Section 5 we examine the case of multiple pattern avoidance, showing that the sequences C 2n (123, 132) and C 2n+1 (123, 132) satisfy the same recurrence as the Fibonacci numbers, and determining a bijection between the set C 2n (123) and the set of subsets of [n] that do not contain consecutive integers. Moreover, we show that the other multiple restrictions yield trivial subsets. In the last section, we discuss the connections between the signed and unsigned cases and give a characterization of the sets C n (123) and C n (132) in terms of signed patterns.
Preliminaries
A permutation σ ∈ S n is a centrosymmetric permutation if
for every i = 1, . . . , n. For instance, the permutation σ = 3 5 1 6 2 4 is centrosymmetric, since σ(1)
We denote by C n the set of centrosymmetric permutations in S n and by CI n the set of involutions in C n . The set C n can be also characterized as follows: consider the permutation ψ ∈ S n such that ψ(i) = n + 1 − i for every i = 1, . . . , n. Then, for every σ ∈ S n , we have:
It is immediately seen that σ ∈ C n if and only if it commutes with ψ. This implies that C n is the centralizer of ψ in S n , and hence C n is a group. It is evident that, since ψ ∈ C n , σ ∈ C n if and only if σψ (= ψσ) ∈ C n .
Let σ ∈ S n and τ ∈ S k , k ≤ n, be two permutations. We say that σ contains the pattern (or k-pattern) τ if there exists a subsequence (σ(i 1 ), σ(i 2 ), . . . , σ(i k )) with 1 ≤ i 1 < i 2 < · · · < i k ≤ n that is order-isomorphic to τ . We say that σ avoids τ if σ does not contain τ . Denote by C n (τ ) the set of τ -avoiding permutations in C n . More generally, for every set T of patterns, denote by C n (T ) the subset of C n consisting of permutations that avoid every τ ∈ T .
The sets CI n (τ ) and CI n (T ) are defined analogously. We say that two patterns τ 1 and
Given a pattern τ , we remark that
This implies that the patterns τ , τ ψ are equidistributed. Moreover, remark that the pattern τ is equivalent to pattern ψτ ψ.
Hence, in the case of 3-patterns, we have:
Proposition 1 For every n ∈ N, the patterns 123 and 321 are equidistributed in C n , 132 and 213 are equivalent, 312 and 231 are equivalent and 132 and 312 are equidistributed, namely,
⋄ 3 Single 3-pattern avoidance
In this section we characterize the sets C n (τ ), where τ is an arbitrary 3-pattern. Proposition 1 implies that it is sufficient to study the two cases τ = 123 and τ = 132.
We consider first the set C k (123), starting from the case k = 2n. Recall that a permutation σ ∈ C 2n is completely determined by the word w(σ) = σ(1) σ(2) . . . σ(n) (in fact, for every i > n, σ(i) = 2n + 1 − σ(2n + 1 − i)) and that w can be written as:
where the integers x i are the left-to-right minima of σ appearing within the first n positions (we say that a permutation σ has a left-to-right minimum at position i if σ(i) < σ(j) for every j < i). Denote by l i the length of the word w i .
We define a family of alphabets A 0 , A 1 , . . . as follows: A 0 = {1, 2, . . . , 2n}, and A i is obtained from A i−1 by removing the integer x i , and the integers appearing in w i , together with the complements to 2n + 1 of each one of these numbers. For every set
It is easily checked that a permutation σ avoids 123 whenever the word w(σ) satisfies the following conditions:
• w i consists of the greatest l i elements in
This characterization for centrosymmetric 123-avoiding permutations can be restated as follows: σ belongs to C 2n (123) if and only if
where
• σ ′ is a centrosymmetric 123-avoiding permutation over the alphabet A 1 , whose starting element is less than x 1 .
For example, consider the permutation σ = 11 16 15 9 14 7 5 13 4 12 10 3 8 2 1 6 in C 16 (123) and denote by ǫ the empty word. Then:
In this case, σ ′ is the permutation over the alphabet A 1 = {3, 4, 5, 7, 8, 9, 10, 12, 13, 14} order isomorphic to 6 10 4 3 9 2 8 7 1 5.
We recall that a Dyck prefix is a lattice path in the plane integer lattice Z×Z starting from the origin, consisting of up-steps U = (1, 1) and down steps D = (1, −1), which never passes below the x-axis. It is well known (see e.g. [4] ) that the number of Dyck prefixes of length n is n ⌊ n 2 ⌋ . We recursively define a map Φ : C(123) → D, where C(123) is the set of centrosymmetric 123-avoiding permutations of any finite length and D is the set of finite Dyck prefixes. This map associates a permutation in C 2n (123) with a Dyck prefix of length 2n as follows:
, where σ ′′ is the permutation in C 2n−2l 1 −2 that is order isomorphic to σ ′ andΦ(σ ′′ ) is the Dyck prefix obtained from Φ(σ ′′ ) by deleting the leftmost k − l 1 − 1 steps;
It is easy to check that the word Φ(σ) is a Dyck prefix. For example, consider the permutation σ = 11 16 15 9 14 7 5 13 4 12 10 3 8 2 1 6.
corresponding to the lattice path in Figure 1 .
The map Φ is a bijection for every positive integer n. In fact, the inverse map Φ −1 : D → C(123) can be recursively defined. Consider a Dyck prefix π = U j D k π ′ of length 2n, where π ′ is either empty or a Dyck prefix starting with U. The permutation σ = Φ −1 (π) is defined as follows: • if j ≤ n, set
and the subword σ(k + 1) . . . σ(2n − k) to be the permutation of the
• if j = n + 1, set
and the subword σ(k + 1) . . . σ(2n − k) to be the permutation of the set [2n] \ {1, 2, . . . , k, n, n + 1, 2n − k + 1, . . . , 2n} that is order isomorphic to
• if j > n + 1, set σ(1) = n, σ(2n) = n + 1, σ(2) . . . σ(2n − 1) to be permutation of the set [2n] \ {n, n + 1} that is order isomorphic to
For example, the permutation associated with the Dyck prefix 
For example, the set C 4 (123) contains the permutations: The characterization of centrosymmetric 123-avoiding permutations on an odd number of objects is completely different from the even case, and much simpler. In fact, every permutation σ ∈ C 2n+1 has a fixed point at n+1. Hence, σ must have the following structure:
where α is an arbitrary 123-avoiding permutation on {1, 2, . . . , n} and α ′ is the sequence of the complements to 2n + 2 of the integers α(1) · · · α(n). For instance, if α = 7 6 4 3 2 1 5, we have σ = 11 15 14 13 12 10 9 8 7 6 4 3 2 1 5.
Theorem 3
The cardinality of the set C 2n+1 (123) equals the n-th Catalan number.
Proof. As remarked above, the set C 2n+1 (123) is in bijection with the set of 123-avoiding permutations in S n , whose cardinality equals the n-th Catalan number (see [13] ).
⋄
Consider now the pattern 132. It is easy to check that a permutation σ belongs to the set C n (132) if and only if the sequence σ(1), . . . , σ(n) is either (1, 2, . . . , n) or a sequence of the following kind y y+1 . . . n β 1 2 . . . n+1-y where y > n 2 and β ∈ C 2y−2−n (132). Hence, we have:
Proof. The above description shows that every σ ∈ C n (132) different from (1, 2, . . . , n) is determined as soon as we choose:
• the first element y;
• a permutation β ∈ C 2y−2−n (132).
Hence, we have the following recursions: Remark that all the eight permutations in the list above are involutions. In fact, for every integer n, we have C n (132) = CI n (132), as we will prove in the next section. Proposition 4 implies that the set C 2n (132) corresponds bijectively to the set C 2n+1 (132). In fact, every permutation σ ∈ C 2n (132) corresponds to the permutation α ∈ C 2n+1 (132) defined as follows:
Single 3-pattern avoidance on involutions
In this section we characterize the sets CI n (123) and CI n (132). It is sufficient to consider these two patterns, since, also in this case, every other 3-pattern is equidistributed on centrosymmetric involutions either with 123 or 132. We start with the pattern 123. (123) contains only the involution ψ defined above and
. We want to show that, for every x > n + 1,
We proceed by complete induction on n. The assertion is trivially true for n = 1. Suppose it true for every integer less then or equal to n−1. This yields immediately CI 2k (123) = 2 k for every k ≤ n − 1. First of all, an involution in CI 2n (123) is such that σ(1) = 2n (and hence σ(2n) = 1) if and only if the sequence σ(2) σ(3) . . . σ(2n − 1) is a centrosymmetric 123-avoiding involution. Hence, by the induction hypothesis,
Similarly, we have
since σ(1) = 2n − 1 implies σ(2n) = 1, σ(2) = 2n, and σ(2n − 1) = 1. Consider now an integer x, where n + 1 < x < 2n − 1. In this case σ ∈ CI As expected, there are 2 2 involutions starting with 6, 2 1 starting with 5 and 2 0 starting with 4 or 3.
The characterization of centrosymmetric 123-avoiding involutions on an odd number of objects is different from the even case. Every permutation σ ∈ CI 2n+1 (123) must have the following structure:
where α is easily checked to be an arbitrary 123-avoiding involution and α ′ is the sequence of the complements to 2n + 2 of the integers α(1) · · · α(n). Hence, we have:
The cardinality of the set CI 2n+1 (123) equals the central binomial coefficient
Proof. As remarked above, the set CI 2n+1 (123) is in bijection with the set of 123-avoiding involutions in S n , whose cardinality is n ⌊ n 2 ⌋ (see [13] ). ⋄ Now we study the case of the pattern 132. In the previous section, we proved that a permutation σ belongs to the set C n (132) if and only if the sequence σ(1), . . . , σ(n) is either 1, 2, . . . , n or a sequence of the following kind y y+1 . . . n β 1 2 . . . n+1-y where y > n 2
and β ∈ C 2y−2−n (132). It is easy to check that a permutation in C n (132) is an involution if and only if β is either empty or an involution. Since every permutation in C 1 (132) and in C 2 (132) is an involution, we have:
As a consequence, C n (312) = CI n (312) and
the authors describe a bijection between Dyck prefixes and 132 avoiding involutions. It is easy to check that the image of CI 2n under this map is the family of Dyck prefixes of the type
Incidentally, the integer i k+1 gives the number of fixed points of the corresponding involution.
Multiple 3-pattern avoidance
We begin with the case of double pattern avoidance. Proposition 1 implies that it is sufficient to study four of the fifteen possible pair of restriction, namely, the pairs (123, 321), (123, 132), (123, 231), and (132, 231). Note that, by previous considerations, the sets C n (123, 132), C n (123, 231), and C n (132, 231) contain only involutions.
For the remaining pair of restrictions we have: Proof. The case n ≥ 5 is trivial. In fact, every permutation on 5 or more objects must contain either an increasing or a decreasing subsequence of length at least 3. The other cases can be checked by inspection.
⋄
The cardinalities of the sets C n (123, 231) and C n (132, 231) can be easily computed as follows: Proof. a. It is easy to check that, if n is odd, the only permutation in C n (123, 231) is ψ = n n − 1 . . . 2 1. If n = 2h is even, the set C 2h (123, 231) contain also the permutation χ = h h − 1 . . . 2 1 2h 2h − 1 . . . h + 2 h + 1. b. It is immediately seen that the set C n (132, 231) contains only increasing and decreasing permutations, namely, the identity and the permutation ψ above.
Denote by F n the n-th Fibonacci number, which, for n ≥ 2, counts the subsets of {1, 2, . . . , n − 2} not containing consecutive integers (see, e.g., [1] p. 45). Then: 
We submit that a bijection between the set C 2n (123, 132) and the family of subsets of [n] not containing consecutive integers can be described as follows: we associate a permutation σ ∈ C 2n (123, 132) with the set of all indices 1 ≤ i ≤ n such that σ has a rise at the i-th position, namely, σ(i) < σ(i + 1). Obviously, this set does not contain consecutive integers, since σ is 123-avoiding. It is easy to verify that this map is a bijection.
It is easily checked that every set C n (T ), with |T | ≥ 3, is either trivial or coincides with one of the sets C n (T ′ ), where |T ′ | = 2.
Signed patterns
Recall that the hyperoctahedral group B n is the set of bijections f of the set {−n, −n + 1, . . . , −1, 1, 2 . . . , n} to itself such that f (i) = −f (−i). Every element f ∈ B n is usually encoded with the signed permutation β(f ) = β 1 , . . . , β n , where β i = f (i). We define the absolute value |β| ∈ S n of a signed permutation β to be the sequence |β 1 |, . . . , |β n |.
The group of centrosymmetric permutations C 2n corresponds bijectively to the hyperoctahedral group B n via the map Θ : C 2n → B n that associates a permutation σ ∈ C 2n with the signed permutation Θ(σ) defined by:
For example, if σ = 2 4 8 6 3 1 5 7, then we have Θ(σ) = 3 1 -4 -2.
We remark that σ is an involution if and only if, for every i = 1, . . . , n, we have one of the following
• Θ(σ) i = t, with |t| = n + 1 − i, and Θ(σ) n+1−|t| = sgn(t)(n + 1 − i).
The study of pattern avoidance on the hyperoctahedral group has been carried out by many authors in terms of signed patterns. If β ∈ B n and τ ∈ B k , k ≤ n, we say that β contains the pattern (or k-pattern) τ if there exists a sequence of k indices 1 ≤ i 1 < i 2 < · · · < i k ≤ n such that two conditions hold:
• β contains a subsequence β i 1 , . . . , β i k whose absolute value is order isomorphic to |τ |;
• β i j has the same sign as τ j .
Conversely, we say that β avoids τ if β does not contain τ . For example, the signed permutation β = 6 -1 5 -3 -2 4 avoids the pattern τ =-2 1 while it contains the pattern τ ′ = 2 -1.
Signed pattern avoidance was deeply studied in recent years. In [14] , Stembridge gave a characterization of the fully commutative elements of some Coxeter groups in terms of pattern avoidance. Afterwards, an exhaustive characterization of signed 2-pattern avoidance was given in [12] and [10] .
The images of the sets C 2n (123) and C 2n (132) can be characterized in terms of signed pattern avoidance. In fact, straightforward considerations lead to the following results:
Theorem 11
The set Θ(C 2n (123)) is the set of all the elements in B n that avoid the patterns ±1 2 ± 3 ± 2 -1.
⋄

Theorem 12
The set Θ(C 2n (132)) is the set of all the elements in B n that avoid the patterns -1 ± 2 1 -2 2 -1 1 3 2 2 1 3
⋄
As shown above, the cardinality of |C 2n (123)| is the central binomial coefficient 2n n . Note that different classes of 2n n elements of the hyperoctahedral group B n that can be described in terms of signed pattern avoidance appear both in [12] and in [14] . In particular, the set T n of top fully commutative elements in B n studied by Stembridge is in bijection with Θ(C 2n (123)) via the complement map κ : B n → B n such that κ(α) = β 1 . . . β n , where |β i | = n + 1 − |α i | and β i has the same sign as α i . However, a characterization of the set Θ −1 (T n ) in terms of unsigned pattern avoidance seems to be difficult to find. In fact, for any given 3-pattern τ , there exists an element in Θ −1 (T 3 ) containing τ .
